MATH 226: Notes on Assignment 16

6.5 Fundamental Matrices and the Exponential of a Matrix

Practice Problems: 1, 6, 9, 13, 15, 16
Feedback Problems: 13, 16

1. We find the eigenvalues first.
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and then

and then

is a solution of the system. We conclude that
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is a fundamental matrix for this system. The fundamental matrix e*

X(¢)X1(0). Thus
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t is given by elt =



6. We find the eigenvalues first.
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implies det(A — AI) = A® + 2\ + 5. Thus the eigenvalues are A = —1 +2i. For A = —1 + 2i,
—-2i —4 1 -2
‘4_”:( 1 —23')_*(0 n)'
(2
V1 = 1
1s an eigenvector for A = —1 + 2i. Then
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Therefore,

is a solution of the system. Taking the real and imaginary parts of u(t), we have the two
linearly independent real-valued solutions
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We conclude that
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is a fundamental matrix for this system. The fundamental matrix

X ()X 1(0). Therefore,

a1 o —2sin2t 2cos2t 02y 1 _ ./ 2cos2t —4sin2t
N _28 cos 2t sin 2t 10 _QE sin2t  2cos2t )

—2sm 2t 2cos2t )

cos 2t sin 2t

t is given by et =



9. We find the eigenvalues first.
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implies det(A — M) = A? — 1. Therefore, the eigenvalues are A = 1, —1. For A =1,
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15 a solution of the system. For A = —1

Therefore

15 an eigenvector for A = 1. Thus
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Therefore

15 an elgenvector for A = —1. Thus

18 a solution of the system. We conclude that
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is a fundamental matrix for this system. The fundamental matrix e is given by 1t =
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13. The eigenvalues of this matrix are A = —1,-2,2, For A = -1,
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Therefore

15 an elgenvector for A = —1. Thus
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15 & solution of the system. For A = -2,



Therefore

15 an elgenvector for A = —2. Thus

15 a solution of the system. For A = 2,
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15 a solution of the system. We conclude that
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Therefore

15 an elgenvector for A = 2. Thus

is a fundamental matrix for this system. The fundamental matrix e is given by e'' =
X()XY(0). Therefore,

et 42 1 13 13
At —get —mex 2 || —12 —ig 14
_9et _Te M _e 3/2 13/12 1/12
—2e2 4 3t —e % et —e % 4 gt
Be /2 _ gt 4 3e2/2 Be2/4 — de~t/3 4 13¢%/12 Se/4 — de~t/3 4 &2/12
Te /2 _ 9t _ 32/ TeM[4 _ De~t[3_ 13eH/12 Te /4 — 2t/ — £*/12

) |



15. We find that for this A matrx
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€ =3° sin3t 3Jcosdt
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Therefore, the solution of the imitial value problem 1s given by
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16. The fundamental matrix found in problem 9 was
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Therefore, the solution of the imitial value problem 1s given by
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6.6 Nonhomogeneous Linear Systems
Practice Problems: 2,5, 9
Feedback Problems: 5
2. The eigenvalues of

2 -1

3 -2
are given by A; = 1 and As = —1. Corresponding eigenvectors are given by
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Therefore, two linearly independent solutions are given by

x,(t) = ( i )e‘, xXo(t) = ( ; )e-‘.

and
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is a fundamental matrix. In order to caleulate the general solution, we need to calculate

t
f X !(s)g(s)ds. We see that
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Therefore,
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Then the general solution will be given by
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3. The elgenvalues of
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are miven by A; = —3 and As = 2. Corresponding eigenvectors are given by
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Therefore, two linearly independent solutions of the homogeneous equation are given by
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15 a fundamental matnx for this equation. In order to calculate the general solution, we need
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Then the general solution will be given by
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0. The eigenvalues of A are given by Ay = —2, Ay = —1 and A3 = 1 with eigenvectors
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Therefore, three solutions of the homogeneous equation are given by
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18 a fundamental matrx for this equation. Further,
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Therefore, the general solution 18 given by

e e gt
X(t)e +X{t]f X Ys)g(s)ds = ( —2* 0 g ) c
b —2 Lt

[ =4 e =

1 e % gt g —(2/5)e* cost + (4/5)e* sint
T [ e

x(t)

e teost + e tsint

1 -1 1 (1/10)cost + (3/10) sint
= cre ™ —2) + et ( 0 | 4 coet ( 1 ) + ( —(1/10)sint + (3/10) cost ) .
1 1 1 (1/10)cost + (3/10) sint



	6.5 Fundamental Matrices and the Exponential of a Matrix
	6.6 Nonhomogeneous Linear Systems

