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MATH 226: Notes on Assignment 17
Section 6.7 Defective Matrices: 1, 3, 9

Problem 1

A =
(

4 −9
1 −2

)
has characteristic polynomial λ2 − 2λ+ 1 = (λ− 1)2

so 1 is an eigenvalue of algebraic multiplicity 2. Examining (A− λI)v =
(
a
b

)
, we have

(
3 −9 | a
1 −3 | b

)
which row reduces to

(
1 −3 | b
0 0 | a− 3b

)
which has a solution if a−3b = 0

Hence geometric multiplicity of λ = 1 is 1. To get a bona fide eigenvector v, let a =

0, b = 0 so we can take v =
(

3
1

)
To obtain a generalized eigenvector w with (A − λI)w = v, we take a = 3, b = 1 which
yields (

1 −3 | 1
0 0 | 0

)
so w1 = 3w2 + 1. We can take w2 = 0 yielding w =

(
1
0

)

We then have two linearly independent solutions of X′ = AX:

etv = et

(
3
1

)
and tetv + etw = tet

(
3
1

)
+ et

(
1
0

)

One fundamental matrix is
(

3et 3tet + et

et tet

)
Many other correct answers are possible. In this case,

eAt =
(
et(3t+ 1) −9tet

tet (−3t+ 1)et

)
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Problem 3

A =

 1 1 1
2 1 −1
−3 2 4

 has characteristic polynomial λ3 −+6λ2 + 12λ− 8 = (λ− 2)3

so 1 is an eigenvalue of algebraic multiplicity 3. Thus A − 2I =

−1 1 1
2 −1 −1
−3 2 2

 which

row reduces to

1 0 0
0 1 1
0 0 0

 so the geometric multiplicity is 1. For an eigenvector v, we

have v1 = 0, v2 = −v3 so we can choose v =

 0
−1
1

. More generally, we have

−1 1 1 | a
2 −1 −1 | b
−3 2 2 | c

 row reducing to

1 0 0 | a+ b
0 1 1 | 2a+ b
0 0 0 | −a+ b+ c


To get the first generalized eigenvector w, set a = 0, b = −1, c = (the components of v);

This gives w1 = −1, w2 = −1− w3 and free choice of w3. Let w3 = 0 so w =

−1
−1
0

. To
get the second generalized vector u so (A − 2I)u = w, set a = −1, b = −1, c = 0. This

yields u1 = −2, u2 = −3−u3 so we can take u3 =) and obtain u =

−2
−3
0

. A set of three

linearly independent solutions are e2tv, te2tv + e2tw, and t2

2 e
2tv + te2tw + e2tu

We can write a fundamental matrix as e2t
(
v tv + w t2

2 v + tw + u
)

or, in expanded form,

e2t

 0 0t+−1 0 t2

2 − t− 2
−1 −t− 1 − t2

2 − t− 3
1 t t2

2 + 0t+ 0

 = e2t

 0 −1 −t− 2
−1 −t− 1 − t2

2 − t− 3
1 t t2

2


Other correct fundamental matrices are possible. In this case, the matrix exponential is

eAt


−e2t(t− 1) te2t te2t

−te2t(t−4)
2

e2t(t2−2t+2)
2

te2t(t−2)
2

te2t(t−6)
2

−te2t(t−4)
2

−e2t(t2−4t−2)
2
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Problem 9

A =
(

1 −4
4 −7

)
has characteristic polynomial λ2 −+6λ+ 9 = (λ+ 3)2

so -3 is an eigenvalue of algebraic multiplicity 2. Examining (A− λI)v =
(
a
b

)
, we have

(
4 −4 | a
4 −4 | b

)
which row reduces to

(
4 −4 | a
0 0 | b− a

)
which has a solution if a− = b

Hence geometric multiplicity of λ = −3 is 1. To get a bona fide eigenvector v, let

a = 0, b = 0 so we can take v =
(

1
1

)
To obtain a generalized eigenvector w with (A − λI)w = v, we take a = 1, b = 1 which
yields (

4 −4 | 1
0 0 | 0

)
so 4w1 = 4w2 + 1. We can take w2 = 0 yielding w =

(
1/4
0

)

We then have two linearly independent solutions of X′ = AX:

e−3tv = e−3t

(
1
1

)
and te−3tv + e−3tw = te−3t

(
1
1

)
+ e−3t

(
1/4
0

)
The general solution is C1e

−3tv +C2 (te−3tv + e−3tw) whose value at t = 0 is C1v +C2w

To make the value at 0 equal to
(

7
1

)
, we need 1C1 + (1/4)C2 = 7, 1C1 + 0C2 = 1. Thus

C1 = 1 and C2 = 24. The solution is

e−3t

(
1 + 24t+ 24(1/4)

1 + 24t+ 0

)
= e−3t

(
7 + 24t
1 + 24t

)

Trajectory in x1, X2 space Graph of x1 vs t



MATH 226: Notes on Assignment 17 

7.1 Autonomous Systems and Stability. 

Practice Problems: 1*, 2*, 4*, 6*, 8*, 23, 24, 25, 26 
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