MATH 226
Notes on Assignment 10

3.3 Homogeneous Linear Systems with Constant Coefficients

Practice Problems: 1*, 5*, 6*, 10*, 15*, 17, 18, 34

1. We look for eigenvalues and eigenvectors of

a=(32)

We see that det(A — AT) = A = A—2 = (A—2)(A+1). Therefore, the eigenvalues are given
by A =2, -1. First, Ay = 2 implies

1 -2
A-,\,J:(2 _4).

Therefore,

is one solution of the system. Second, Ay = —1 implies

,4_)\21:(; j)
1
w=(3)

is an eigenvector associated with Ay and

Therefore,

is a second solution of the system. Therefore, the general solution is given by

x(t):cleﬁ(f)ﬂge—f( ; )

If the initial condition is a multiple of ( 1 2 )T. then the solution will tend to the origin

along the eigenvector (1 2 )T. Otherwise, the solution will grow, following the eigenvector
7y
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5. We look for eigenvalues and eigenvectors of

a=(53)

We see that det(A — AI) = A% + 2\ = A(A + 2). Therefore, the eigenvalues are given by

A =0,-2. First, Ay = 0 implies
4 -3
A—MI= ( 3 _6 )

- (2)

is an eigenvector associated with A; and

Therefore,

is one solution of the system. Second, Ay = —2 implies
Al = (g :3)
1
()
| is an eigenvector associated with Ap and
o [ 1
Xa(t) =€ ( 9 )

is a second solution of the system. Therefore, the general solution is given by

Therefore,
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Any solution starting at a point on the line of critical points remains fixed for all time at its
starting point. A solution starting at any other point in the plane moves on a line parallel
to vy toward the point of intersection of this line with the line of critical points.



6. We look for eigenvalues and eigenvectors of

(1)

We see that det(A — Al) = A2 +4A+3 = (A 41)(A +3). Therefore, the eigenvalues are given
by A = —1,-3. First, Ay = —1 implies

A—)\J:(_i 71)
1
(1)

is an eigenvector associated with A; and

xl(t}:e—f( i)

is one solution of the system. Second, Ay = —3 implies

11
A—}\21=(1 1).

Therefore,

Therefore,

(1)

is an eigenvector associated with A, and

If the initial condition is a multiple of ( 1 -1 ]T, then the solution will tend to the origin

along the eigenvector ( 1 -1 )T. Otherwise, the solution will tend to the origin, following
. T

the eigenvector { 11 ) .



10. We look for eigenvalues and eigenvectors of

5 -1
a-(5 1)
We see that det{4 — AJ) = A2 —6A+ 8 = (A—4)(A—2). Therefore, the eigenvalues are given
by A =4,2. Fist, A = 4 implies

1 -1
A—A1I=(3 _3)_

()

1s an elgenvector associated with Ay and

Therefore,

1s one solution of the system. Second, As = 2 implies

3 -1
A—).gf—(a —1)'

o (3)

1s an eigenvector associated with Ag and

x(t) = e ( ;_ )

15 a second solution of the system. Therefore, the general solution 1s given by
1 1
L a 2
x(t) = cie (l)+qge (3)
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If the initial condition is a multiple of ( 1 3 )T, then the solution will grow, staying on the

eigenvector { 1 3 )T‘ Otherwise, the solution will grow, following the eigenvector ( 11 )T‘



15. From problem 10, the general solution is

x(t) = e ( ; ) +cge4“-( i )

The imitial condition x(0} = ( _? ) mplies

Therefore,

Therefore, the solution 1s
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Both components tend to +oc as t — oc.
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(c) The general solution 1= given by

) implies

2
3

The mitial condition x(0) = (

)- ()

Therefore, the solution passing through the initial point (2, 3) 18 given by
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The component plots are shown below.
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18.(a)

(b)
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solution 1= given by

{c) The general
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x(t) = et ( _; ) + ege M (

) implies

2
3

The initial condition x(0) = (

s
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1
3

the solution passing through the initial point (2, 3) 1s given by

Therefore,

The component plots are shown below.
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34.(a) For a = 0.5, the characteristic equation is 2\ 4+ 4A+1 = 0. Therefore, the eigenvalues
are A = —14+1/+/2. The eigenvector corresponding to Ay = —1+1/v/2is vy = (-v2 1 )T,
The eigenvector corresponding to Ao = —1—1/v/2is vy = ( V2 1 )T. Therefore, the general

solution is
x(t) = 1:1r3(_1+”‘/§}t ( _‘/? ) + cze“_l_”ﬁ}t ( ‘/? ) ;

Since both eigenvalues are negative, the equilibrium point is a stable node.

(b) For a = 2, the characteristic equation is A + 2A — 1 = 0. Therefore, the eigenvalues
are A\ = —1 £ /2. The eigenvector corresponding to Ay = —1 + V2 is vy = ( 1 -2 )T,

The eigenvector corresponding to Ay = —1 — /2 is vo = ( 1 V2 )T. Therefore, the general

solution is
— eyel— 1+ 1 (—1—/2)t 1
x(t) = c1e (_ﬁ)+oze (\/5)

Since the eigenvalues have opposite sign, the equilibrium point is a saddle point.

(c) For general a, the characteristic equation is A2 + 2\ + 1 — & = 0. The eigenvalues are
given by A = —1++/a. For 0.5 < a < 2, both eigenvalues are real and clearly —1 — /& < 0.
Therefore, we just need to determine whether —1+ /o = 0. We see this occurs when a = 1.
At that value the equilibrium point switches from a saddle point (for @ > 1) to a stable node
(for a < 1).
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