MATH 223
Some Notes on Assignment 32
Exercises 27, 29a and 31 of Chapter 8.

acosssint
27: Let o(s,t) = | asinssint | ,0 < s < 27,0 < t < 27. Then o parameterizes a surface S in R3.
acost
Describe S and find its surface area.

Solution: With x = acosssint,y = asinssint
acost,z = acost, we have

22 +y? 4 2% = a® cos® ssin® t + a?sin? ssin® t + a® cos?

= a*(cos? s 4 sin? s) sin? t + a” cos® t = a*sin® t 4 a? cos? t

= a®(sin?t + cos?t) = a?
so S is the sphere of radius a centered at the origin. As t progresses from 0 to 0 to 7, we move from one
pole (z = a) to the equation to the other pole (z = —a). The entire sphere is generated for ¢ between 0

and 7.
To find the surface area, we use

Area(S) = / los(s,t) x o¢(s,t)| ds dt
D

To conserve space, we'll write o(s,t) horizontally as o(s,t) = (acos ssint, asinssintacost, acost) so
0s(s,t) = (—asinssint, acosssint, 0) and o4(s,t) = (acos scost, asinscost, —asint).
Then o,4(s,t) x 04(s,t) = (—a? cos ssin® ¢, —a® sin s sin? t, —a* sin t cos t) and |o(s,t) x 0¢(s, )| = a*sin .

s=2m 5271'

0 tO 202 ds = 4a’7.

Thus Area(S “Talsintdtds =

29a: Suppose f : R® — R! is a continuous real-valued function and S is a smooth surface in R?
parameterized by o(s,t) : A — R? for some set A in the plane. Then the surface integral of the
scalar function f over S is given by

/[gde:/[‘f(U(sat)|0s(8,t) X oy(s,t)| ds dt

Find ([ f do if f(z,y,2) = iz T2 and o(s,t) = (5,2 —1,1),0<s<1,0<t < 1.

Solution: f(o(s,t) = f(s,t> —1,t) = w tt= o=

+ t.
We also have

los(s,t) x ou(s,t)] = 1(1,0,0) x (0,2¢,1)] = |0,—1,2t] = V4t + 1
Thus o(s,t)]|os(s,t) X o¢(s,t)| = s+t 42 + 1

t=1 s=1 t=1
and //fdo:/ / s+t\/4t2+1dsdt:/ 7+t\/4t27dt 1+f)
S t=0 s=0 t

=0

31: Determine fSF -dS if F(z,y,2) = (,2y,32) and o(s,t) = (st,s + 1,25 —1),0<s<1,0<¢ < 1.
Solution: Use [(F -dS = [, F(a(s,t)- (0s(s,t) x o¢(s,t) ds dt.

Here F(o(s,t) = F(st,s+t,2s—t) = (st,2s+ 2t,6s — 3t) while o5(s,t) = (¢,1,2) and o¢(s,t) = (s,1,—1)
s0 05(s,t) X 04(s,t) = (=3,25 +t,—s +t) and hence F(o(s,t) - (05(s,t) x o4(s,t) = 125t — 252 — 2.

Thus [(F-dS = [ [ 125t — 25 — 2 dsdt = [~ —2 + 6t — 1> dt = 2.



