MATH 223
Some Notes on Assignment 7
Chapter 3: 24 abc, 25abc, 26ac, 27 and 29.

24abc:Find f, and f, or each of the following:

a: f(z,y) =sinzy

Solution: To take the partial derivative with respect to x we can treat y as a
constant and the derivative becomes a simple application of the Chain Rule:
fa(z,y) = ycosay, fy(z,y) = xcoszy

b: f(x,y) = tane”

Solution: Recall from single variable calculus that the derivative of tanz is
sec?z and the derivative of e® is e*. If we hold y constant and take the
derivative with respect to x, the Chain Rule gives f,(z,y) = As there
is no y included in f(x,y), the entire expression is a constant if x is treated
as a constant. The derivative f,(z,y) is then 0.
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c: f(z,y) = ¥ Solution: If we treat y as a constant then the term
arctany is a constant. Then the partial derivative with respect to x is
(arctany)(—z~?). From single variable calculus we know that the deriva-
tive of arctanx is The partial derivative of f(z,y) with respect to y is
then (1)
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25. a) From question 24a we have f,(z,y) = ycosxy and f,(z,y) = x cos xy.
Both of these expressions can be differentiated using applications of the Chain
Rule and Product Rule.

fea(T,y) = —y* cos zy, fyy(2,y) = —a? sin(yz)

fa;y(:v,y) = fya: = cosyxr — yxsinyx

The second order partial derivatives fg, and fyx are equal.

b) From question 24b we have f,(z,y) = —%— and f,(z,y) = 0. As there is
no y term in either expression, the second order partial derivatives f,, fyz
are both 0. To find f,, we can differentiate f, by applying the Quotient or
Product Rules along with the Chain Rule to find

e*(2e” sine” + cos e”)

fwx(xvy) =

cos3 e

¢) From question 24c we have f,(z,y) = (arctany)(—z2) and f,(x,y) =
(1)(1 vy ;). Differentiating f, with respect to x gives f,.(z,y) = 2arctan y(z2).
To find f,,, we need only differentiate the term arctany and multiply by the




x term to find f,,(z,y) = (yQIH)(—x_Q). We can differentiate the x term
of f, and multiply by the constant y term to get fy.(z,y) = (ﬁ)(—x”).
Notice that this is the same as f;,. Differentiating the y term of f, and

multiplying by the constant = term gives f,,(z,y) = (%)_72?’
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26ac For each of these functions f, determine f,(2,3) and f,(2,3):

a: f(z,y) =2° + 4oy — y*
Solution: 1If f(z,y) = 23 + 4wy — y* then we have

fo(z,y) = 327 + 4y — f.(2,3) = 24 and
fyl@,y) =4z — 2y — f,(2,3) =2

c f(z,y) = g’iijrg’z Solution: Because f(z,y) = % contains an z term and

y term in both the numerator and the denominator, we will need to apply
The Quotient Rule to find both partial derivatives.

B 13y 13
fx(l'yy) - m — fx(2,3) = 13 and
—13x —13
fy(z,y) = Bt 2y — fy(2,3) = —

27: Josh’s utility function for two particular goods has the form U(z,y) =
(z+3)*(y +2)%. Find the marginal utility functions U, and U, and evaluate
them if x =4,y = 4.

Solution: If the utility of goods z and y is U(z,y) = (z + 3)*(y + 2)? then
the marginal utility of good z is U,(z,y) = (y+2)32(z +3) and the marginal
utility of good z at (4,4) is 3024. The marginal utility of good y is u,(z,y) =
(z + 3)?3(y + 2)?; evaluated at (4,4) we have U,(4,4) = 5292.

29: A thin, homogeneous metal rod lying along the horizontal axis from 0
to L has a nonuniform temperature. Heat (thermal energy) transfers from
regions of higher temperature to regions of lower temperature. Under certain
conditions the function u(x,t) which gives the temperature at position x and
time ¢ obeys the diffusion equation u,, = 4u,. Show that function

e—xZ/t
u(r,t) = ———,t >0

(x,t) 7
satisfies the diffusion equation.

Solution: To see whether or not the function wu(z,t) satisfies the diffusion
equation we need to find the second order partial derivative u,, and the first



order partial derivative u;. If we factor out % and differentiate with respect

to z using the Product Rule we find

.2
—2xe v
uz(x,t) = tig

Now we can factor out - and use the Product Rule to find
t2

_.2 4 2
TT >t = t\—3 — —=3)-
u (x ) € (tg t%)

Now we need to use the Quotient Rule on u(x,t) to find wu(z, ).

22 72
up(x,t) = et (x—
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The equation does satisfy the diffusion equation.



